ON QUASIMOBIUS MAPS IN REAL BANACH SPACES 



M. HUANG, Y. LI, M. VUORINEN, AND X. WANG * 

Abstract. Suppose that E and E' denote real Banach spaces with dnTiension at 
least 2, that D E and D' g E' are domains, that f : D ^ D' is an (M, C)- 
CQH homeomorphism, and that D is uniform. The main aim of this paper is to 
prove that D' is a uniform domain if and only if / extends to a homeomorphism 
f : D ^ D and / is ?7-QM relative to dD. This result shows that the answer to 
one of the open problems raised by Vaisala from 1991 is affirmative. 



1. Introduction and main results 

During the past three decades, the quasihyperbohc metric has become an impor- 
tant tool in geometric function theory and in its generahzations to metric spaces and 
to Banach spaces [18]. Yet, some basic questions of the quasihyperbohc geometry in 
Banach spaces are open. For instance, only recently the convexity of quasihyperbohc 
balls has been studied in [7, 8, 11, 20] in the setup of Banach spaces. 

Our study is motivated by Vaisala' s theory of freely quasiconformal mappings and 
other related maps in the setup of Banach spaces [15, 16, 18]. Our goal is to study 
some of the open problems formulated by him. We begin with some basic definitions 
and the statements of our results. The proofs and necessary supplementary notation 
and terminology will be given thereafter. 

Throughout the paper, we always assume that E and E' denote real Banach spaces 
with dimension at least 2. The norm of a vector z in is written as \z\, and for 
every pair of points zi, in i?, the distance between them is denoted by l^i — 2:2!, the 
closed line segment with endpoints z\ and z^ by [^i, 22]- We begin with the following 
concepts following closely the notation and terminology of [12, 13, 14, 15, 16] or [10]. 

Definition 1.1. A domain D in is called c-uniform in the norm metric provided 
there exists a constant c with the property that each pair of points zi, Z2 in D can 
be joined by a rectifiable arc a in D satisfying 

(1) mill £(a[2j, 2]) < cddi^z) for all z & a, and 

(2) e{a) <c\zi-Z2\, 
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where i{a) denotes the length of a, a[zj,z] the part of a between zj and z, and 
dniz) the distance from z to the boundary dD of D. Also, we say that 7 is a double 
c-cone arc. 

In [13], Vaisala obtained the following result concerning the relation between the 
class of uniform domains and quasimobius (briefly, QM) maps (see Definition 2.4) 
in 1" = U {00}. 

Theorem A. ([13, Theorem 5.6]) Suppose that n > 2, that D is a c-uniform domain 
in M and that f : D ^ D' is a quasiconformal mapping. Then the following 
conditions are quantitatively equivalent: 

(1) D' is a Ci-uniform domain; 

(2) / IS 7]-QM. 

In [16], Vaisala generalized Theorem A to the case of Banach spaces. His result 
is as follows. 

Theorem B. ([16, Theorem 7.18]) Let D and D' he domains in E and E' , respec- 
tively. Suppose that D is a c-uniform domain and that f : D ^ D' is ip-FQC {see 
Definition 2. 6) . Then the following conditions are quantitatively equivalent: 

(1) D' is a Ci-uniform domain; 

(2) / IS r]-QM. 

Further, Vaisala [16, 7.19] raised the following open problem. 

Open Problem 1.1. Does Theorem B remain true if (p-FQC is replaced by (M, C)- 
CQH (see Definition 2.5) and ?7-QM by ?7-QM rel dD, respectively? 

Studying this problem, Vaisala proved the following result. 

Theorem C. ([16, Theorem 7.9]) Suppose that D ^ E and D' ^ E' are c-uniform 
domains and that f : D ^ D' is (M, C)-CQH. Then f extends to a homeomorphism 
f : D ^ D' and f is rj-QM rel dD with rj depending only on (M, C, c). In particular, 
J\dD IS ri-QM. 

The aim of this paper is to discuss Open Problem 1.1 further. Our main result 
is the next theorem, which shows that the answer to Open Problem 1.1 is in the 
affirmative. 

Theorem 1.1. Suppose that D is a c-uniform domain and that f : D ^ D' is 
{M,C)-CQH, where D <^ E and D' ^ E' . Then the following conditions are quan- 
titatively equivalent: 

(1) D' is a ci-uniform domain; 

(2) / extends to a homeomorphism f : D ^ D and f is rj-QM rel dD. 

The organization of this paper is as follows. Section 2 contains some preliminaries 
and a new lemma. The proof of the main result is given in Section 3. 
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2. Preliminaries 

2.1. Quasihyperbolic distance, quasihyperbolic geodesies, neargeodesics 
and solid arcs. The quasihyperbolic length of a rectifiable arc or a path a in the 
norm metric in D is the number (cf. [5, 19]): 



4(a) 



\dz\ 



For each pair of points zi, zi in D, the quasihyperbolic distance kcizi, Z2) between 
zi and Z2 is defined in the usual way: 

kD{zi,Z2) = inf 4(a), 

where the infimum is taken over all rectifiable arcs a joining zi to Z2 in D. For all 
zi, Z2 in D, we have (cf. [19]) 



(2.1) A;^(zi,Z2) >inf |log(l 





, dr, 
log 


>2) 




do 
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Z2 




dnizi) - 


Z\ 


— Z2\ 



min{rfz)(2;i), 6/0(2:2)}- 

where the infimum is taken over all rectifiable curves a in D connecting z\ and Z2- 
Moreover, if \z\ — Z2\ < do^zi), we have [15, 21] 

(2.2) kD{zi,Z2) <log(l + 

The quasihyperbolic metric of a domain in R" was introduced by Gehring and 
Palka [5] and it has been recently used by many authors in the study of quasicon- 
formal mappings and related questions; see [1, 2, 3, 4, 6, 9, 15, 16, 18] etc. 

In [16], Vaisala characterized uniform domains by the quasihyperbolic metric. 

Theorem D. ([16, Theorem 6.16]) For a domain D in E, the following are quan- 
titatively equivalent: 

(1) D is a c-uniform domain; 

(2) koizi, Z2) < d log ( IH ■ rY\ — "T^j—i — rr I /^"^ 2^1,^2 e D; 

^' ^ ' I- mm{dD\Zx),dD{z2)] ) ' 

(3) kj:,{zx, Z2) < c[ log f 1 H ■ r}^] — — rr I + ^ for ^i, ^2 e D. 

^ ' ^ ' ^ V mm|rfz)(2;i),dz)(2;2)|y 

Remark 2.1. By [17, Theorem 2.23], we know that in Theorem D, if {1) holds, then 
(2) holds with d < 7c^. 

In the case of domains in M" , the equivalence of items (1) and (3) in Theorem D 
is due to Gehring and Osgood [4] and the equivalence of items (2) and (3) due to 
Vuorinen [21]. 

Recall that an arc a from zi to Z2 is a quasihyperbolic geodesic if 4(a) = knizi, Z2)- 
Each subarc of a quasihyperbolic geodesic is obviously a quasihyperbolic geodesic. 
It is known that a quasihyperbolic geodesic between every pair of points in E exists 
if the dimension of E is finite, see [4, Lemma 1]. This is not true in arbitrary spaces 



(cf. [15, Example 2.9]). In order to remedy this shortage, Vaisala introduced the 
following concepts [16]. 

Definition 2.1. Let a be an arc in E. The arc may be closed, open or half open. 
Let X = (xo, n > 1, be a finite sequence of successive points of a. For h > 0, 
we say that x is h-coarse if ko{xj-i, xj) > h for all 1 < j < n. Let h) be the 

family of all /i-coarse sequences of a. Set 

n 

Skix) = ^kD{Xj-i,Xj) 

i=i 

and 

4(a, h) = sup{sfc(x) : x G h)} 

with the agreement that ^'^(a, h) = ii /i) = 0. Then the number h) is 

the h-coarse quasihyperbolic length of a. 

Definition 2.2. Let D be a domain in E. An arc a C -D is {u, h) -solid with u > 1 
and > if 

4(a[x,?/], h) <iy kD{x,y) 

for all x,y E a. A {i',0)-solid arc is said to be a u-neargeodesic, i.e. an arc a C -D 
is a z/-neargeodesic if and only if 4(a[x, y]) < z/ ^^(x, y) for all x,y E a. 

Obviously, a i^-neargeodesic is a quasihyperbolic geodesic if and only if u = 1. 
In [16], Vaisala established the following property concerning the existence of 
neargeodesics in E. 

Theorem E. ([16, Theorem 3.3]) Let {zi, Z2} C D and u > 1. Then there is a 
u-neargeodesic in D joining Z\ and z^- 

The following result due to Vaisala is from [16]. 

Theorem F. ([16, Theorem 6.22]) Suppose that 'y G G ^ E is a {u, h)-solid arc 
with endpoints Oq, ai and that G is a c-uniform domain. Then there is a constant 
C2 = C2(i^, h,c) > 1 such that 



(1) min |diam(7[ao, 2;]), diam(7[ai, 2;])| < C2dG{z) for all z G 7, and 

(2) diam(7) < C2 max | |ao — ai|, 2(e'' — 1) mm{dG{ao) , dciai)}^ . 

2.2. Quasisymmetric homeomorphisms and quasimobius maps. Let X be 

a metric space and X = X U {00}. By a triple in X we mean an ordered sequence 
T = (x, a, h) of three distinct points in X. The ratio of T is the number 



P{T) 



\a — x\ 
\h — x\ 



If / : X — y is an injective map, the image of a triple T = (x, a, h) is the triple 
/T=(/x,/a,/6). 
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Suppose that A G X. A triple T = (x, a, b) in X is said to be a triple in the pair 
{X, A) a X & A or if {a, b} C A. Equivalently, both |a — x| and |6 — are distances 
from a point in A. 

Definition 2.3. Let X and Y be two metric spaces, and let r] : [0, oo) — [0, oo) 
be a homeomorphism. Suppose A G X. An embedding / : X — )■ y is said to be 
rj-quasisymmetric relative to A, or briefly rj-QS rel A, if p{f{T)) < ri{p(T)) for each 
triple T in {X,A). 

It is known that an embedding f : X ^ Y is rj-QS rel A if and only if p(T) < 
t implies that p{f{T)) < r]{t) for each triple T in {X,A) and t > (cf. [12]). 
Obviously, "quasisymmetric rel X" is equivalent to ordinary "quasisymmetric" . 

A quadruple in X is an ordered sequence Q = (a, b, c, d) of four distinct points in 
X. The cross ratio of Q is defined to be the number 

\a — b\ |c — d\ 

\a — c\ \b — d\ 

Observe that the definition is extended in the well known manner to the case where 
one of the points is oo. For example, 

\a — b\ 



t{Q) = |a, 6, c, d\ 



\a, 6, c, oo| = - 

\a — c\ 

If Xq G X and if / : Xq — j- y is an injective map, the image of a quadruple Q in 
Xq is the quadruple fQ = {fa,fb,fc,fd). Suppose that A G Xq. We say that a 
quadruple Q = {a,b,c,d) in Xq is a quadruple in the pair {Xo,A) if {a,d} C A or 
{b, c} G A. Equivalently, all four distances in the definition of t{Q) are (at least 
formally) distances from a point in A. 

Definition 2.4. Let X and Y be two metric spaces and let t] : [0, oo) — )• [0, oo) be 
a homeomorphism. Suppose A G X. An embedding / : X — )■ y is said to be rj- 
quasimobius relative to A, or briefly rj-QM rel A, if the inequality T{f{Q)) < ti{t{Q)) 
holds for each quadruple in {X, A) . 

Apparently, ^^rj-QM rel X" is equivalent to ordinary "quasimobius" . 

2.3. Coarsely quasihyperbolic homeomorphisms and freely quasiconfor- 
mal mappings. 

Definition 2.5. We say that a homeomorphism f : D ^ D' is C-coarsely M- 
quasihyperbolic, or briefly (M, C)-CQH, in the quasihyperbolic metric if it satisfies 

^''^'''^-^ < knifix), f{y)) < M knix, y) + C 

for all X, y E D. 

The following result shows that the class of solid arcs is invariant under the CQH 
homeomorphisms. 

Theorem G. ([16, Theorem 4.15]) For domains D ^ E and D' ^ E' , suppose that 
f : D ^ D' is {M,C)-CQH. If ^ is a [ui, hi)-solid arc in D, then the arc f{'~f) is 
(z/, h) -solid in D' with {u, h) depending only on {ui, hi, M, C). 
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Definition 2.6. Let G ^ E and G' 7^ E' be metric spaces, and let ip : [0, 00) — >■ 
[0, 00) be a growth function, that is, a homeomorphism with Lp{t) > t. We say that 
a homeomorphism / : G — t- G' is if -semisolid if 

fcG'(/(x),/(y))<(/^(A;G(x,y)) 

for all X, y E G, and if-solid if both / and satisfy this condition. 

We say that / is fully ip-semisolid (resp. fully ip-solid) if / is (yj-semisolid (resp. 
V?-solid) on every subdomain of G. In particular, when G = E, the corresponding 
subdomains are taken to be proper ones. Fully y^-solid mappings are also called 
freely ip-quasiconformal mappings, or briefly ip-FQC mappings. 

2.4. Basic assumptions and a lemma. For convenience, in the following, we 
always assume that x, y, z, . . . denote points in D and x', y', z', . . . the images in D' 
of X, y, z, . . . under /, respectively. Also we assume that a, /3, 7, . . . denote curves 
in D and a', f3', 7', ... the images in D' of a, /3, 7, . . . under /, respectively. 

Basic assumption A. Let G be a domain in E. For x, y E G, let /3 be a 2- 
neargeodesic joining x and y in G. Suppose that G' is a c-uniform domain in E' and 
/ : G — )■ G' is an (M, G)-CQH homeomorphism. It follows from Theorem G that 
is {u, /i)-solid, where (z/, h) depends only on (M, G, c). Without loss of generality, 
we may assume that dciy') > dcix'). Then there must exist a point Zq G (3' which 
is the first point on /3' in the direction from x' to y' such that 

dcizo) = sup dc'ip'). 

It is possible that z'q = x' or y' . Then we have 
Lemma 2.1. (1) For all z' G ^'\x' ,z'^, 

\x' - z'\ < fii dc'iz'), 

and for all z' G fi'\y\ z'^, 

\y' - z'\<iix dc'iz'); 
(2) diam(/3') < fximax{\x' - y'\,2{e'' - l)dG'ix')}, 

where /ii = ic^, C2 = €2(1^, h, c) is the same as in Theorem F, and u, h and c are as 
in Basic assumption A. 

Proof. By Theorem F, it suffices to prove the first assertion in (1). For the case 
min{diam(/3'[a;', 2;']), diam(/3'[?/', 2;'])} = diam{P'[x' , z']), it follows from Theorem F 
that the proof is obvious. For the other case min{diam(/3'[a;', z']), diam(/3'[?/', z'])} = 
diam{P'[y' , z']), we first have the following claim. 

Claim 2.1. diam{(3'[x' , z']) < 2c2rfG'(4)- 

Suppose on the contrary that 

diam(/3'[x',/]) > 2c2dG'(4)- 

Obviously, there must exist some point w' G P'[x', z'\ such that 

diam(/3'[w', 2;']) = -diam(/3'[x', 2']) and diam(/3'[x', w']) > -diam(/3'[x', 2;']). 
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It follows from Theorem F that 

C2dG'{w') > min{diam(/3'[x', w']), diam(/3'[?/', w'])} 

> ^diam(/3'[x',z']) >C2rfG'(4)- 

This is the desired contradiction which completes the proof of Claim 2.1. 

If diam(/3'[y',z']) < I^gK^o)' then by Claim 2.1, 

\x' — z'\ < diam(/3'[x', 2']) < 2c2(iG'(^o) — 4c2(iG'(^'); 

since dciz') > c/gK^o) ~ ko " ^'\- 

If diam(/9'[?/', z']) > ^dciz'^), then we see from Claim 2.1 and Theorem F that 

\x' - z'\ < diam(/3'[x',/]) < 2c2ciG'(4) < 4:C2diam{(3'[y' , z']) < Acldc^z'). 
The proof is finished. □ 

3. The proof of Theorem 1.1 
First, we recall the following results which are from [13] and [16], respectively. 

Theorem H. ([13, Theorem 3.19]) Suppose that AdX, that f : A X is rj-QM, 
and suppose that /(74)\{oo} is complete. Then f has a unique extension to an rj-QM 
embedding g : A ^ X . 

Theorem I. ([16, Theorem 6.26]) Suppose that f : D ^ D' is rj-QM and that D is 
a c-uniform domain. Then D' is a Ci-uniform domain, where C\ depends only on c 
and rj. 

For more details of quasisymmetric homeomorphisms and quasimobius maps, the 
reader is referred to [12, 13, 15]. 

The proof of Theorem 1.1 will be accomplished through a series of lemmas. Before 
the statements of the lemmas, we give another basic assumption. 

Basic assumption B. Throughout this section, we always assume that D is a. 
c-uniform domain, that f : D D' is (M, C)-CQH, where D <^ E and D' <^ E', 
and that / extends to a homeomorphism f : D D and / is ?7-QM rel dD. By 
auxiliary translations and inversions, it follows from Theorems I and H that we may 
normalize the map / and the domain D so that 00 G dD and /(c>o) = 00. Then / 
is ?7-QS rel dD. 

Constants. For the convenience of the statements of the lemmas below, we write 
down the related constants: 

(1) fi2 = max{4(e'' - l)/ii, 6/^1}, 

(2) jX3 = max{2?7(2/i2),6/ii/i2}, 

(3) /i4 = max{4i6^'^^^^3(»?(6w)+i)^ MviGfn) + 1))16'='^a^}^ 

(4) /i5 = IGc'Mfi^fi^ max |1/m,m}, u = 77"^ (1/(4/13/14)), 

(5) jlQ = 4:fiifi5, 

(6) /i7=(/i6(r/(2/i2) + l))''^''', 
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where fii and c' (< 7c^) are from Lemma 2.1 and Theorem D, respectively, and M, 
C and rj from Basic assumption B. 

3.1. Several lemmas. 

Lemma 3.1. For vi G dD and V2 G D, if \vi — < 2/i2 d£){v2), then 



Proof. Let x'^ G dD' be such that d£,i{v'2) > ^\x[ — It follows from the 
assumptions on / that 



1^;^ - v' 



7 77 < ^(2/^2), 

X-, — Vr, 



whence 



\v[-v'^\<2r]{2fi2)dD'iv'2), 
which shows that the lemma holds. □ 



For z[, Z2 & D' G E', let 7' be a 2-neargeodesic joining z[ and Z2 in D'. In the 
following, we aim to prove that 7' satisfies the conditions (1) and (2) in Definition 
1.1. 

Without loss of generality, we may assume that dDii^z'^) > di:,'{z[). Let Xq G 7 be 
the first point in the direction from Zi to Z2 such that 



Lemma 3.2. For all z' G 7'[zi,XQ], 

diam{-f'[z[,z']) < fi^ do'iz'), 

and for all z' G 7'[z2,Xo], 

diam(7'[2;2, 2;']) < /i4 d^'iz'). 



Proof. We only need to prove the former assertion since the proof for the latter 
one is similar. We prove it by a contradiction. Suppose there exists some point 

^11 ^ 7'[-^i'^o] ^^"^^ ^^^^ 



(3.1) diam(7'[2;i, ^Ji]) > /i4 dD'iz'n). 

Obviously, there exists some point w[i G 'y'[z[, -2^] such that 

k'li - 4il = ^diam(7'[z;,^]). 
Then, by (3.1), we see that 

kii - ^iil > TT dD'{zn), 
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whence by (2.1) 

-C 



kD{wii,zii) > ^{kD'{w[^,z[^)-C)> ^ (log {l 



> i('-0 + ?)-^)>^' 

which, together with (2.2), imphes that 

(3.2) \wn - zu\ > ^max{rfz)(2ii),rfz)(wii)}. 
Let Wi2 G dD be such that 

ki2 - Will < 2c/z)(wii). 
Since /i2 > 1, it follows from Lemma 3.1 that 

\w[2 - ^ll < /i3C?D'(^l)- 

Lemma 2.1 and (3.2) imply 

(3.3) \wi2 - 2ii| < \wu - wn\ + \wn - Zu\ < bfiidoizn). 
Therefore we see from Lemma 3.1 and the fact "5yUi < /i2" that 

(3.4) \w[2 - z[^\ < /is rfD'(^n)- 

On one hand, if \w'i2 — w^nl < At3'7(6/ii)|u^i2 ~ z[i\, then, by (3.4), we have 
diam{-f'[z[,z[^]) = 2\w[^ - z[^\ < 2(1^2 - '"^'nl + 1^2 - ^nl) 

< 2(/i3r/(6/ii) + l)m2-^| 

< 2/i3 (/i3?7(6/ii) + l) do' {z'li), 

which contradicts (3.1). 

On the other hand, if \w[2 — w[i\ > /i3?7(6/ii)|w^2 "^nl? then Lemma 2.1 and (3.3) 
imply that 

ki2 - w^iil < ki2 - 2;ii| + \wu - 2;ii| < 6nidn{zii). 

Hence 

ki2 - z'u\ 

since i"*^^""^", < 6/ii. This is the desired contradiction. □ 
Lemma 3.3. For all z' G l'\z'x-,z'^, we have min £(7'[z', z']) < ^^dn^z'). 

j=l,2 J 

Proof. We use z'q G 7' to denote the first point on 7' in the direction from z[ to z'2 
such that 



(3.5) 



dD'iz'o) = sup do'ip'). 
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It is possible that z'q = z[ or z!^. Obviously, there exists a nonnegative integer m 
such that 

2^dD'iz[)<dD'iz',)<2"''-'dD'{z[), 

and we use i/q to denote the first point on ■ylz'-^, Zq] from z[ to z'q with 

dD'{y'o) = 2^dD'{z[). 
We define a sequence {a:^}. Let x[ = z[. \i y'^ = z'l ^ z'q, then we let x'2 = z'q. If 
y'Q^ z'l, then we let x'2, ■ ■ ., a^m+i ^ I'Wi^ ^'ol the points such that for each i E {2, 
. . . , m + 1}, X- is the first point from z'^ to Zg with 

dD'{x',)=2'-UD'{x',). 

Therefore x'^_^_i = y'o- In the case y'Q ^ z'q, we define x'^_^2 = ^o- 
Similarly, let s > be the integer such that 

rdDiz'2)<dD'{z'Q)<r+UD'{z'2), 

and let x'^ q be the first point on 7' [225 fro^i z'2 to z'q with 

In the same way, we define another sequence {x'^ We let x'^ ^ = z'2. If x'^ q = 
z'2 7^ z'q, then we let x'12 = z'q. If x'^ q 7^ ^25 then we let x'^^ 25 • • the points 

on 7' [2^2! ^0] such that x'^j (j = 2, . . ., s + 1) denotes the first point from x'^ ^ to z'q 
with 

Then a;^ = a^'i o- ^1 7^ ^O' then we let x'l ^_,_2 = -^o- 

For a proof of the lemma, it is enough to prove that for every z' G ■j'lz'i, z'q], 

(3.6) e{i[z'„z'])<fiedD'{z'), 
and for all z' G 'y'[z'2, z'q], 

(3.7) £(7'[z^,z']) </i6ciD'(^')- 

We only need to prove (3.6) since the proof for (3.7) is similar. 
Before the proof of (3.6), we prove two claims. 

Claim 3.1. For each i G {I,-- - ,m + 1}, if y' G 1'[x'i,x'^_^_-^], then d^'ix'j) < 
2/i4 dn'iy')- 

To prove this claim, it suffices to consider the case: d^'iy') < \d£,i{x'^) since 
the proof for the case: d^'iy') > \dD'{.x'j) is trivial (/i4 > 1). It follows from 
\x'i — y'\ > d£,i{x'^) — do'iy') that 

min{|x. - y'\, \y' - > ^c/D'(a;-)- 
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If '~^'[z[,y'] C 7'[2;^,Xq], then, by Lemma 3.2, 

dD'{y') > —\x[-y'\ > ^dD'{x[). 

For the remaining case, we know that '~f'[z'2,y'] C 7'[2;2,Xo]. The similar reasoning 
as above shows that 

1 1 
dD'iy') > — b'-x.+il > —doix'^. 

Hence the proof of Claim 3.1 is complete. 

Claim 3.2. For all z G {1, ■ ■ ■ , m + 1}, i{y[x'i, x[^^]) < ^i^dD>{x'i). 

Suppose on the contrary that there exists some iG{l,---,m + l} such that 

(3.8) %'K,x:+i])>/i5rfz)'(^:)- 
Because 7' is a 2-neargeodesic, we get by (3.8) 



kD'{x'i,x'i^^) > \ I 

' L 7.' 7, 



\dx'\ ^ /i5 



dD\x') 4 



and we see that 



1 C 

kD{xi,Xi+i) > —kD'{x[,x[^j^) - '2c' fi3fi4^ max{l/u,u}, 

where u = ?7"^(l/(4/i3yU4)). Then it follows from the inequality: 

koixi, Xi+i) < c log (1 + ■ .J^' u ) 

V ram{dD{Xi),dr){Xi+i)\ J 

that 

(3.9) miR{dn{x,), ^^(x.+i)} < min S^ ^^^ J^^ _ ^ , ^^^J^ _ ^ | \x, - x,+^\. 
Without loss of generality, we may assume that 

(3.10) min{dD{xi),dD{xi+i)} = d^ixi). 
Take X2i G dD such that 

(3.11) \x2i - Xi\ < 2dD{xi). 
Then Lemma 3.1 implies 

(3.12) \x'2,-x',\<fisdD'{x',). 

If 7'[4,x^+i] C 'y'[z[,x'Q] or 7'[4,a;-] C 'y'[z'2, x'q], then, by Lemma 3.2, 
\Xi - < /i4C?D'(a;-+i) < 2/14^1)/ (x-). 
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For the remaining case, we know that Xg G 7'[x-, Then Lemma 3.2 yields 

Wi - x[^i\ < 2max{|x- - x'q\, \x[^^ - x'q\] < 2^^dD'{xQ) < ifi^dn'ix'i). 
Hence we get that for each i & {1, ■ ■ ■ ,m + 1}, 

(3.13) <4/i4rfD'(^:)- 

By (3.12) and (3.13), we have 

(3.14) \x2i - < |X- - X-^^ \ + \x2i -X'i\<{fl3 + 4:fi4)dD'{x'^, 

and by (3.9), (3.10) and (3.11), 

k.. - > k. - - 1... - X.I > ma.|— , I., - .,|. 

Hence (3.14) imphes 

1 





^2i 







/is + 4/^4 ksi-X^+ll 4/i3/i4 

This is the desired contradiction, which completes the proof of Claim 3.2. 
Now we are ready to prove (3.6). 

If z' G y[z[,x'^j^i], then there exists some k G {I,-- - ,m} such that z' G 
7'[x^, li k = 1, then it easily follows from Claims 3.1 and 3.2 that 

(3.15) ih'[z[,z']) < eii'[x[,x'^]) < fi5dD'ix[) < 2fi^fi,dniz'). 
If /c > 1, then, again, by Claims 3.1 and 3.2, 

(3.16) i{i[z[,z']) < %'[x;,4]) + --- + £(7'[xLi,xy)+^(7[4,^1) 

< IJ,5{dD'ix[) H h rfD'(x^_i) + do'ix'^)) 

< 2n5dD'{x'f.) 

< A^,i^,^dD'{z'). 

Now we consider the remaining case: z' G l'[x'^j^^, Zq]. We infer from Claims 3.1 
and 3.2 that 

(3.17) l{l'[z[, z']) < fir^(dD'ix[) + dD'{x2) H h do'ix'^) + do'ix'^+i)) 

< 2ii^dD'{,x'^+i) 

< 4/i4/i5(iD'(^')- 

The combination of (3.15), (3.16) and (3.17) shows that for all z' G 7'[2;^,2o], 

%'K,^']) <4/i4/i5rfD'(^')- 

Hence Lemma 3.3 holds. □ 
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Further, we have 
Lemma 3.4. ^{'^'[z'l, z'^) < /ly \z[ — z'^. 

Proof. Suppose, on the contrary, that 

(3.18) %'[^i,4])>/i7l4-4l- 
We first prove a claim. 

Claim 3.3. rfz)'(4) < 7 - 4|. 

Also we prove this claim by contradiction. Suppose 

(3.19) rfz)'(4) > - 4|. 
Because 7' is a 2-neargeodesic, we have by (2.1) that 

7 \z\ - z'\ 1 

< _ . U 2I_ ^ _^ 

6 ^£1/(^2) 6' 

since do'^z') > dD'{z2) — — z'i\ for all z' G [z[,z'2]. By (3.18) and (3.19), this is a 
contradiction. Hence Claim 3.3 holds true. 

Recall that z'f^ G 7' satisfies (3.5). Let x' be the point of 7' which bisects the 
arclength of 7', i.e. i{'j'[z[,x']) = i{'-f'[z2,x']) . Then Lemma 3.3 implies 

£{'j'[z[,x']) < fiadD'ix') < fiedD'izQ). 

Hence it follows from (3.18) and Claim 3.3 that 

(3.20) dniz'2) <7\z[- 41 < -£(7'[4, 4]) < ^do'iz',), 



whence by Theorem D 



c^log(l+ . , > kn{z„zo)>^kniz'2,z',)-^ 

\ mm{dD{z2),dD{zo)\/ M M 



> liog^-£ 
- M rfD'(4) M 

> log — 

2M ^/i6 
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and 



1 , 



These show that 



(3.21) imn{dD{z2),dD{zo)} < - — —3 - ^2!, 

(/i6(r/(2/i2) + 1)) 

mm{dD{zi),dD{zo)} < - — —3 ko - ^il, 

(/i6(r/(2/i2) + Ij) 

and we see by (2.2) 

(3.22) 14 - 41 > and \z[ - 41 > ^c?d'(4)> 
since k£i'{z[,ZQ) > 1 and A;o/(z2,4) > 1- 

Claim 3.4. m.m{dj:i{z2),dr){zi)} < 2fiid£){zQ). 

We first prove that dc^Zi) < 2fiid£){zo) when 7[zi,2;o] C 7[zi,Xo]. 
If \zi - zo\ < Idoizi), then 

dnizo) > doizi) - \zi - zo\ > ^doizi). 

On the other hand, if \zi — zq\ > ^d£,{zi), then we obtain from Lemma 2.1 that 

doizi) < 2\zi - zo\ < 2/iirfz)(2o)- 

A similar discussion as above shows that do{z2) < '^f^idoizo) when 7[2;2,2o] C 
7[^2,2;o]- The proof of Claim 3.4 is complete. 

Without loss of generality, we may assume that 

mm{dD{z2),dD{zi)} = dD{z2). 

Then (3.21) and Claim 3.4 imply 

(3-23) dD{z2) < / , \zq-Z2\. 

/i6(?7(2/i2) + Ij 

Take W13 G dD such that 

(3.24) \wi^-Z2\<2dD{z2). 
It follows from Lemma 3.1 and Claim 3.3 that 



(3.25) \w'i^ — 41 — /^3'^-D'(-22) — 7/i3|4 ~ 2;' 



2h 



On quasimobius maps in real Banach spaces 

whence 

(3.26) \w[^ -z[\< \w[^ - 41 + 14 - 41 < (1 + 7fi-s)\z[ - z'^\. 

By the 2-neargeodesic property of 7' , (2.1), (3.18) and Claim 3.3, we have 



> 


—k 




M 




1 


> 






2M 


> 


1. 



' M - 2M " ' M 

^ £(y[4,4]) x c , 1 



which shows by (2.2) 

\?.^ — 7.n\ > 

2 



(3.27) \zx-Z2\>\dj,{z^). 



Because of (3.23) and (3.24), we get 

|W13 - Zol < kl3 - 2:2! + 1^2 - 2:0! < f IH / , , ,N ) 1^2 - 2o|- 

V /i6(r/(2/i2) + 1)/ 

Next by Lemma 2.1 and (3.27), we have 

(3.28) 1^0 -2:21 < diam(7) < yUimax||zi - 2;2|,2^e'' - ljdD(-22)| 

< /iimax|l,4^e'' - ijjl^i - 2:2! 

< [l2\Zx-Z2\. 

Hence (3.23), (3.24) and (3.28) yield 

(3.29) \wxz-Z]\ > \zi ~ Z2\ - \Wi3 - Z2\ 

- (;^"/i6(r/(2/i2) + l))'''°~^'' 

- 2^""^^-"°"- 
We see from (3.20), (3.22) and (3.25) that 

(3.30) 1^3 -41 > 14 - 41-^13- 41 > 7/13) 14-41 

> /i6(r/(2/i2) + 1)14 - 41- 
The combination of (3.26), (3.29) and (3.30) shows 

,(2;.2)<^;;F^<r,(2/.2). 

I "^13 ^ll 

This desired contradiction completes the proof of Lemma 3.4. 
The next result is obvious from a similar argument as above. 
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Corollary 3.1. Under the assumptions of Theorem 1.1, if f extends to a homeo- 
morphism f : D ^ D and f is rj-QM rel dD, then each a-neargeodesic (a > 1) in 
D' is a double a' -cone arc, where a' depends only on a, c, M , C and rj. In particular, 
if a = 2, we can take a' = fij. 

3.2. The proof of Theorem 1.1. For z[, z'^ € -D', let 7' be a 2-neargeodesic joining 
z'^ and z'2 in D' . Corollary 3.1 shows that 7' is a double /iy-cone arc. Hence D' is 
a /iy-uniform domain, and so the proof of Theorem 1.1 easily follows from Theorem 
C. □ 
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